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Abstract 

We use the Dirac equation coupled to a background metric to examine what happens to quantum 
mechanical observables like the probability density and the radial current in the vicinity of a naked 
singularity of the Reissner-Nordstrom type. We find that the wave function of the Dirac particle 
is regular in the point of the singularity. We show that the probability density is exactly zero 
at the singularity reflecting quantum-mechanically the repulsive nature of the naked singularity. 
Furthermore, the surface integral of the radial current over a sphere in the vicinity of the naked 
•^ ' singularity turns out to be also zero. 
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I. INTRODUCTION 

The possible existence of naked singularities in General Relativity (GR) has troubled the 
physicists and mathematicians over many years, leading to conjecture that such singularities, 
although not forbidden by GR, will be shielded from view by an event horizon. Such a 
conjecture is called the cosmic censorship jl| and has been proved only on special conditions 
[2|. It was a surprise for the physics community, when numerical simulations revealed that 
naked singularity may arise from gravitational collapse |3|. This fact brought back on the 
agenda of physicists the question how troublesome are naked singularity really. Sometimes 
ago it was found that naked singularities are repulsive in the sense that a particle experiences 
a repulsive force in the vicinity of these exotic objects [4]. Here, we examine the issue from 
the point of view of Quantum Mechanics. We do so by employing the Dirac equation in 
a background metric which contains a naked singularity of Reissner-Nordstrom type. The 
main result of our investigation is that neither the wave function nor observables constructed 
out of the wave function contain any type of singularity. It is as if the quantum mechanical 
particle would not care about the existence of such an exotic object. This is a surprising 
result which is in contrast to the classical case where the motion of the test particle cannot be 
continued over the singularity. Such a result may let think that quantum-mechanically naked 
singularities are less troublesome than previously thought. Furthermore, the numerical value 
for the probability density at the singularity turns out to be zero which can be interpreted as 
the quantum-mechanical reflection of the classical repulsive nature of the naked singularity. 
A result in the very same spirit concerns the surface integral of the current close to the 
singularity which is also zero. 

It is worthwhile to recall the unpleasant features of a naked singularity which seems to 
allow the existence of closed time-like curves |5| . In the presence of Reissner-Nordstrom and 
Reissner-Nordstrom-deSitter naked singularities this phenomenon gets reflected in radial 
velocities Vr{r) of a massless particle exceeding the speed of light, whenever the radial 
distance of the particle from the naked singularity is less than a certain critical value 6|. 
For instance, already in the Reissner-Nordstrom naked singularity scenario we have f ^ > 1 
for r < gV2M. 

The paper is organized as follows. In section II we will discuss the Dirac equation in 
curved space-times. Section III introduces shortly the angular and radial solutions of the 



Dirac equation in the Reissner-Nordstrom metric and the main results. Section IV is devoted 
to the Klein-Gordon equation in the aforementioned metric and we show that scalar particles 
behave similarly to Fermions in the vicinity of a naked singularity. In section V we draw 
our conclusions. 

II. DIRAC EQUATION IN CURVED SPACE-TIMES 

To implement the gravity effect into the Dirac equation different approaches have been 
used in the literature. One of them is through the Newman- Penrose formalism |7|. We 
follow here the procedure of |8|, where the Dirac equation is written in the non-canonical 
form 

\iT^'{x)D^-m]^{x) = 0, 
d 

E, = \pd,p - ^Tr(r^v^r^)r,r, + ^Tr(pr^VAr^)p, p = ^e^.^.r^r'^r^r'^ 

where D^ is the so-called spin derivative including also electrodynamics, V^ is the covariant 
derivative w.r.t. the Christoffel symbols and the gamma matrices satisfy the anticommuta- 
tion relations 

which allow to couple gravity to the Dirac particle. According to [9], for every static spher- 
ically symmetric space-time the combination T^E^ simplifies to 

B = V^'E^ = '-V,W 







and the Dirac equation becomes 

) i 1 



^r^^ + ^ v,r- + eiM, 



The above formulation relies on a local f/(2, 2) symmetry which allows a unified description 
of electrodynamics and general relativity as a classical gauge theory in the framework of the 
Dirac equation [8!]. It is therefore possible to choose a gauge such that 



v^r^ = 



We 



bringing the Dirac equation to its canonical form used elsewhere in the literature |ll|. 
emphasize that such a gauge fixing is however not necessary in the context of a gauge theory 
as any choice of gauge fixing is equivalent. We therefore can also keep B non zero which 
leads to a non canonical choice of the matrices F^. The latter are for the Reissner- Nordstrom 
line element 



ds^ = A{r)de - ^ - r\d^^ + sin^Mv^^) ^(^^ = i _ fi!i + ^ 
A(r) r r 
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given by pH] 



with 



V^ 



7*, r = v/AW7^ 1^ = 7", r^ = 7'' 



7* = 7°, 

Y = 7^ cos-i? + 7"^ sin-i^cosf/) + 7^ sin-i^sinyj, 

'j^ = -(—7^ sin -(9 + 7"^ cos "(9 cos 09 + 7^ cost? sin 09), 
r 

7"^ = -(—7"^ sin y? + 7^ cosy?), 

r sin-y 

where 7°, ■ ■ ■ ,7^ are the Dirac matrices in Minkowski space-time. The conserved current is 

jt^ = "^r^^, V^ J^ = 

with \I^ = \1'"''7°. This choice of the adjoint spinor might appear strange is however correct 
and justified by the fact that the scalar product 

(^1$) = f ^r^$ „^d]l 
Jn 

with vector field z/ normal to a space-like hypersurface H is equivalent to the scalar product 
derived in the Newman-Penrose formalism [l2| when we integrate over an hypersurface with 
t constant and choose the above convention for the adjoint spinor. To be specific, in the 
presence of a Reissner-Nordstrom-type naked singularity (M^ < Q"^) the scalar product on 
the hypersurface with t constant reduces to 

d^x 



(^1$) = f ^t$ 



We notice that in this formulation J^ can be interpreted as a positive probability density and 
J* with i = 1, 2, 3 as the spatial component of the probability density current. In particular, 
\&r'"\l/ is the component of the current in the radial direction. 



III. SOLUTIONS OF THE DIRAC EQUATION IN A REISSNER-NORDSTROM- 
TYPE NAKED BACKGROUND 

By the separation ansatz 



*(t,r,^,yp) 



-itut 



v^ 



Ta/d r 






S{r) 



2M g2 



with M^ < Q^ the Pauh spinors (pfj^^ can be written as 



'^lfc..(^.^.<^) 






where 



^^.kJr,^,^) 






(1) 



xld^,^) 



''i^y::m^) 



ih'^^^-m: 



xld^,v) 



for j 



^i+ 



1 3 

2' 2' 



/ 7 + 1 — A; t-i / 1 



2j + 2 



i+ 







2j + 2 J+5 ^ ' ^^ y 1 



and A; = — j, — j + 1, ■ ■ ■ , j and Y^™" are the usual spherical harmonics 13 1. 
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The differential equation governing the radial part of the spinor is [10|] 



— $ I, 



-1 \ wr - eQ / 1 



1 



rS^ 



-1 



2j + l 
2rS 




jku) 



In the vicinity of the naked singularity the radial system takes a simpler form, namely 




|:$S. = ±". I ; ; \^fk. + 0{r), a, 



2j + l 

2|Q| 



with the solutions 



jktoA^ 



g±a,r 



-'jkuj,2\ 



(2) 



The results ensure that the wave functions are regular at the naked singularity. This enables 
us to calculate the probability density J" in the vicinity of this exotic object. It is a 
straightforward computation to show that 



A 



Moreover, 

J\0,^,^) = (3) 

since the wave function is regular at the naked singularity. This result also demonstrates that 
the observables constructed out of the wave function are regular and finite at the singularity. 
Secondly, the fact that the probability density is zero at the singularity can be interpreted in 
the sense that the singularity has a repulsive nature and this conclusion is independent of the 
sign of the combinations of the two charges e and Q. One could say that the particle avoids 
the vicinity of the naked singularity from the point of Quantum Mechanics. Briefly, we also 
give the results for the radial component \E'r''\E'. The Dirac matrix F*" can be conveniently 
written in the block form 

(cos -(9 e~^'^sm'd 
e**^ sin ■& — cos -i? 

This leads immediately to the expression 




where 

*i^*7fc. = </>£,i</'7fc.,iX,'liX,\. cost? + ^e-V;;.,l07..,2lx^^ 

-^e''''/'i,2</'7fcc.,ilx,\irsin^-0+;^207fc-,2X-iiX-_iCOS^. 
Let us now consider a surface integral 

where S* is a sphere of fixed radius R around the naked singularity. In general, we have 



dQ $7,>/$7,. ^ 



2j(j + 1) y^JkoJ,l^jku>,l ^jkuj,2(f^jkLj,2) ■ 



Specializing now to a tiny region around the singularity with a radius e we can use the 
asymptotic wave functions given in ([2]) to show that 

'5.(.) = (4) 

This result does not hold necessarily if the sphere on which we integrate is far from the 
singularity. We can interpret 5 = as follows: the number of ingoing and outgoing particles 



per unit time through the surface of the sphere is zero. We think that this again indicates 
the quantum-mechanical nature of repulsivity of a naked singularity. More intuitively, the 
particle does not dwell for a long period in the vicinity of the singularity and in particular, 
it will not be absorbed. 

IV. THE KLEIN-GORDON CASE 

It is illustrative to have a glimpse on the wave function of Klein-Gordon particles in the 
background of a Reissner- Nordstrom naked singularity. In such a geometry the Klein-Gordon 
equation 



(n2-m2)$ = 0, D^ 



1 
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d,iV^g'"'d,) 



leads to the equation 

4 dtt^ - \ drir^S^ dr^) - ^^ 9^(sin^ 9^$) - —1^9^^$ - m2$ = 
D^ ^z r'^smv r^sm w 



which can be separated by means of the ansatz 



$(t,r,^,yp) = e-^-*i?,,^(r)r/(^,(^) 



where 



0,1,2,---, k 



+ 1, 



and S given by ([T]). In the naked singularity 



regime the equation governing the radial part of the wave function reads 



dr \ dr 



2^2 



Lo r 



+ mV-£(£+l) 



R. 



■ekuj 



0. 



In the vicinity of the naked singularity the radial equation simplifies as follows 



d^ i{i+l) 
d^ Q2 



R. 



Ikuj 



with the solutions 



R,ku.,i{r) ^ e"^^ R3ku,2{r) 






ae. 



\Q\ ' 



(5) 



The above results ensure that the wave functions are regular at the naked singularity. We 
introduce the inner product 14 1 



($1^) = i I d^x n^'y/^ ($V^^* - ^*V/,$) 



(6) 



where E^ is a space-like hypersurface, 7jj is the induced metric on S^ and n^ is a time-hke 
unit vector normal to S^. Moreover, 

is a conserved current and its zero component is positive definite only if restricted to positive 
frequency solutions of the Klein-Gordon equation (according to the time-like vector field t). 
However, in the case of a naked singularity of the Reissner-Nordstrom type the vector field 
t is time-like for all r > 0. It is a straightforward computation to show that 

As the wave function is regular at the naked singularity, we obtain 

JiG(0,^,^)=0 (7) 

Finally, we proceed as we did for the Dirac equation and the radial component of the current 
is given by the expression 

Jk..KG = ^ Sir) |F/|2 MR,,.drRl,J, Sir) = r' - 2Mr + Q\ 

We consider again a surface integral 

S,,,, = J^^dAn.J = ^^ 6iR) Imjdn |y/pi?,,^9,,i?*,, = g 5(i?) Im iRek.drR;,J 

where S" is a sphere of fixed radius R around the naked singularity. With e a tiny radius 
around the singularity we can use the asymptotic wave functions given in ([5]) to proof that 

'5,,, = (8) 

since in that region the quantity RikudrRlkw i^ purely real 

RikudrRlku. = Icire^-^^ - |c2|'e-2°^'- + 2Re(cic;). 

V. CONCLUSIONS 

There exists a class of particular quantum effects with background gravity coupled 
quantum-mechanically to a relativistic particle, say via the Dirac or Klein-Gordon equa- 
tion. The peculiarity of such effects is their sharp contrast to the results obtained in the 
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classical framework. One such effect is the absence of bound states in the Dirac equation 



coupled to an exterior black hole metric 



m 



, ll5| which is in contrast to the classical result of 
a stable bound orbit. Another such effect of background gravity is discussed in the present 
work. Classically, the mere existence of a naked singularity poses many problems, among 
other the fact that classically the motion of the test particle cannot be continued over the 
singularity. We showed that the situation is less problematic in the quantum mechanical 
framework. Indeed, the solutions of the Dirac and Klein-Gordon equation coupled to the 
Reissner-Nordstrom metric with a naked singularity reveals that the wave-function is regular 
at the singularity. Furthermore, the probability density at the singularity is exactly zero and 
the surface integral over the probability current close to the singularity is also vanishing. 
This demonstrates that observables constructed from the weave function do not get affected 
by the presence of the singularity and their value can be continued up to the singularity 
itself. The above findings can be also interpreted as the quantum mechanical manifestation 
of the repulsive nature of a naked singularity. From the point of view of quantum mechanics 
the particle prefers not to dwell close to the singularity. In addition results concerning the 
quantum mechanical current reveal that the number of particles entering a sphere close to 
the singularity per unit time is equal to the number of particles leaving the sphere per unit 
time. 

In future, it might be a worthwhile undertaking to construct a velocity operator along the 



lines explained in 16| in order to determine if the expectation value of the velocity operator 



takes values bigger than one. 
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